The laminar to turbulent transition in a pipe flow is studied from the viewpoint of momentum conservation. The transition is presumed to happen downstream of the laminar flow development. The inflow conditions to the transition region are presumed not to change at the moment of transition. The exit pressure is presumed not to change either. In the present model, the turbulent transition is a function of the ratio of the pipe length to its diameter, and becomes larger as the pipe length ratio increases. The natural transition Reynolds number calculated shows reasonable agreement with previous experimental results. The critical transition Reynolds number calculated is 1,752, and is close to the critical number of 1,760 measured previously. The distribution of difference in pressure drop between the laminar and turbulent flows corresponds to the reported location of the puffs and slugs in the Reynolds number under forced transition.
Introduction
The transition from a laminar flow to turbulent flow has been studied for many years. This is one of the fundamental problems in fluid mechanics, and the research results affect many areas. There are a large number of theoretical, experimental and numerical studies. Since the laminar profile is linearly stable, some trigger is thought to be necessary for the transition. The mechanism and the flow structure to trigger and maintain the turbulent flow have been studied, and many aspects have been made clear on the area of, for example, the sensitive dependence of initial conditions, the threshold of the critical amplitude, the decay of disturbance, the travelling waves and the coherent structures, and the flow patterns in the transitional flow. The unique flow structures of the puffs and slugs have been studied, and their characteristics have been made clear. These studies, however, do not sufficiently explain the transition mechanism. For example, there are several kinds of transition Reynolds numbers reported, from approximately 2,000 to 20,000; however the mechanism of so many numbers has not been explained. The energy balance between transfer to and dissipation of the disturbance was examined, and the critical value of the Reynolds number calculated was lower than the values measured. These investigated results, the present status and the open questions are reviewed concisely in, for example, Eckhardt et al., 1) Hinze, 2) Kerswell, 3) and Willis et al. 4) The author studied the laminar to turbulent flow transition of the boundary layer from the viewpoint of conserving the mass flow rate.
5) The transition Reynolds number calculated showed reasonable agreement with previous experimental results. For example, the displacement thickness of the incompressible laminar boundary layer on a flat plate, Ã l , is ð Ã l =xÞ % 1:7208=Re x 1=2 , and that of the turbulent boundary layer, Ã t , is ð Ã t =xÞ % 0:018=Re x 1=7 . 6) At the transition point of x ¼ x tr , the mass flow rate in the boundary layer is conserved prior to, and after the transition. By equating the two displacement thicknesses, the transition Reynolds number is calculated as Re x ¼ 3:5 Â 10 5 . This is close to the empirical, transition Reynolds number of the incompressible boundary layer on a flat plate of 3:2 Â 10 5 -3:5 Â 10 5 .
7)
The transition Reynolds number of the compressible bound-ary layer was also calculated using the same procedure. In the study of the compressible boundary layer, the effects of compressibility, wall temperature, bluntness and unit Reynolds number on the transition Reynolds number were made clear. The length of the transition region of the boundary layer was calculated using the momentum conservation. 8) In the present study, the conservation-law approach is applied to predict the natural transition in an incompressible pipe flow. Since the mass flow rate is conserved in the pipe flow, conservation of momentum is applied to the prediction. The conservation law is applied to the total pipe flow from the entrance to the exit in a simple form applying theoretical and empirical equations. The calculation procedure is explained and the calculated results are compared with previous experimental results.
Forced transition has been investigated in many studies. In forced transition, unique flow structures of the puffs and slugs are observed and studied. Though this study starts from predicting natural transition, the relations derived from the present conservation-law study are applied to discuss forced transition.
Calculation Method

Momentum and friction factor of a pipe flow
The velocity profile of a laminar pipe flow is
where R is the radius of the pipe, r is the distance from the center of the pipe, and u max;l is the maximum velocity at the center of the pipe for the laminar flow. The mass flow rate of the laminar flow, _ m l , is
and
where D is the diameter of the pipe, μ is density, and " u is the mean velocity. From Eq. (3),
The momentum of the laminar pipe flow, F l , is 
For the turbulent flow, the velocity profile is expressed as 7) u t u max;t ¼ r
where u max;t is the maximum velocity at the center of the pipe in the turbulent flow, and r 0 is the distance from the pipe circumference to the center. When n ¼ 7, the mass flow rate of the turbulent pipe flow, _ m t , is
From Eq. (9), relation between the maximum velocity and mean velocity is
The momentum of the turbulent flow is
Even when the mass flow rates are the same in both flows with the same mean velocity, " u, the momentum is different for each of them as seen in Eqs. (6) and (12) . The momentum of the turbulent flow is smaller than that of the laminar flow under the same mean velocity condition.
Darcy friction factor of the laminar pipe flow is 6) ! l ¼ 64
Re d ð13Þ
Blasius formula is used for the turbulent pipe flow.
6)
! t % 0:3164 Figure 1 shows a schematic of the pipe flow prior to, and after, the transition. The following conditions are applied in the present transition model.
Momentum balance in transition region
(1) The starting position of transition is presumed to be at L dv downstream of the pipe entrance. At this position, the laminar Hagen-Poiseuille pipe flow velocity profile is established. The length from the pipe entrance to the position is the developing length.
(2) At the moment of transition, the mass flow rate of the turbulent flow is presumed to be the same as the rate of the laminar flow prior to the transition, and the mean flow velocity is the same at the moment of transition.
(3) The momentum and pressure at the entrance of the transition region and the pressure at the exit of the pipe at the moment of the transition are also the same as those prior to the transition, respectively.
In other words, the entrance boundary conditions of the momentum and pressure at the transition region are presumed not to change at the moment of transition. The pressure exit boundary condition is also presumed not to change at the moment of transition.
Force balance prior to the transition is expressed with the laminar flow momentum of Eq. (6) as
The left side is the sum of the inflow momentum and the pressure force at the entrance of the transition region. The right side is the sum of the outflow momentum from the pipe exit, the pressure force at the exit and the friction in the laminar pipe flow in the transition region. The length of the transition region, L tr , is shown in Fig. 1 . Subscript 1 means the condition at the entrance of the transition region, whereas 2 means the condition at the exit of the pipe. After the transition, the friction in the transition region is represented with turbulent friction for simplicity. The force balance is expressed with the turbulent flow momentum of Eq. (12) as
The balance with a mean friction of the laminar and turbulent frictions will be discussed at the end of this section.
Since the inflow momentum and pressure force going into the transition region are the same at the moment of transition, respectively, in this study, the left-hand-side term of Eq. (15) is the same as that of Eq. (16) . Pressure at the exit of the pipe under the laminar flow conditions is also the same as that in under the turbulent flow conditions at the moment of transition. By equating Eqs. (15) and (16), the equation is re-written as
By substituting the friction factors of Eqs. (13) and (14) to Eq. (17) and re-writing the equation,
There is length required for development to a velocity profile of the Hagen-Poiseuille flow. One of the important issues is how the flow develops from the velocity profile at the pipe entrance to the Hagen-Poiseuille flow profile. The turbulent transition may affect the velocity profile or the length of this developing region. The transition is presumed not to affect the length of the region. There are several formulae on the developing length of laminar pipe flow. 6, 9) In the present study, the formula of Durst et al. 9) is used for the calculation.
The total length of the pipe is
The transition Reynolds number is a function of the ratio of the pipe length to its diameter in the present model. With this relation, the transition Reynolds number is calculated for a specified pipe length ratio. In the next chapter, the adequacy of this prediction model and the physical meaning of the transition Reynolds numbers calculated will be discussed. In the transition region, the flow changes gradually from laminar to turbulent. When the friction in the transition region is represented by the mean of the laminar and turbulent frictions, the relation between the transition Reynolds number and the length ratio of the transition region is expressed as
In the transition region, the velocity profile changes gradually from laminar flow to turbulent flow. Equation (18) 0 with the mean friction corresponds to the gradual change of the profile in the region.
Pressure drop and entropy increase
The momentum balance of Eq. (15) is re-written for pressure drop in the transition region with Eq. (13) under the laminar flow conditions prior to the transition as
The inflow momentum at the entrance of the transition region is the same as the outflow momentum from the region. Trans. Japan Soc. Aero. Space Sci., Vol. 59, No. 6, 2016 After the transition, the inflow momentum is presumed to remain the same momentum of the laminar flow. The outflow momentum changes to the momentum of the turbulent flow. The turbulent flow friction factor is used in the transition region, corresponding to Eq. (18) . The pressure drop after transition is expressed by re-writing Eq. (16) with Eqs. (6) and (14) as
The pressure drop after transition can be derived with the mean friction factor corresponding to Eq. (18) 0 . Even under the same pressures at the entrance and exit after and prior to transition, the laminar and the turbulent frictions can be present in the transition region. It is caused by the second term in the right-hand-side of Eq. (22) . This term is produced by the momentum difference between the laminar inflow and turbulent outflow.
Change of entropy is generally expressed as
When work to the fluid in the pipe due to pressure difference and work by the fluid to the pipe due to friction are balanced, there is no change in enthalpy. Then
The increase in entropy is proportional to decrease in pressure. When the drop in pressure is large, the increase in entropy is large. Figure 2 shows the relation between the Reynolds number and the ratio of the pipe length to its diameter presented by Eq. (20) . Figure 2 also shows the relation using Eq. (18) 0 . The transition condition is a function of the Reynolds number and the length ratio. An increase in the Reynolds number under a specified pipe length ratio corresponds to, e.g., the increase in mean flow velocity or the increase in a flow rate.
Results and Discussion
Transition Reynolds number
As seen in Fig. 2 , there are two transition Reynolds numbers for a specified pipe length ratio. The smaller Reynolds number is designated as the first solution, and the larger number is the second solution. For comparison, previous experimental results are plotted. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] Open symbols represent the laminar flow and the closed symbols represent the turbulent flow. Experimental results with the appearance of turbulent flow feature are categorized as turbulent flow. The transitions exist at the boundary between laminar and turbulent flow conditions. The Reynolds number at the maximum difference in pressure drops, (Áp t À Áp l Þ max , in the figure will be discussed later.
As seen in Fig. 2(b) , when there is some property of the laminar flow in the transition region, the transition Reynolds number becomes slightly smaller in the second solution and larger in the first solution for a specified pipe length ratio.
The effect of the laminar property in the transition region on the critical Reynolds number will be discussed in Section 3.2.
In several studies, the transition Reynolds numbers were measured. Figure 3 shows comparison between the second solution and the numbers measured previously. 10, [12] [13] [14] 19, 20) The second solution in Fig. 2 with the experimental results, except for the result of Patel and Head. The discrepancies will be discussed later. The physical meaning of the second solution for the transition Reynolds number is discussed here. Figure 4 shows the drop in pressure for the laminar and turbulent flow conditions calculated with Eqs. (21) and (22) . The drop in pressure is normalized by the dynamic pressure. There are two points where the drop in pressure of the laminar flow conditions is the same as that of the turbulent flow conditions (i.e., the first solution and second solution). In the experiments with the condition of L=D ¼ 800, Draad et al. reported the transition Reynolds number was 14,300.
12) Around L=D ¼ 600, Nishi et al. reported 11,500 at L=D ¼ 533, 20) and Durst and Ünsal reported 12,990 at L=D ¼ 667. 19) Around L=D ¼ 200, Binnie and Fowler reported 1,870 at L=D ¼ 200.
10) The second solution is close to the natural transition Reynolds numbers measured.
In the region between the first and second solutions, the drop in pressure of the turbulent flow is larger than that of the laminar flow. To hold the turbulent flow conditions in this region, lower pressure at the exit or larger pressure at the entrance is required. Therefore, the flow is laminar in this region. Natural transition is not observed in this region, and the second solution agrees with the transition Reynolds numbers measured. This is discussed from the viewpoint of entropy. As seen in Eq. (24), the drop in pressure is proportional to the increase in entropy. That is, the increase in entropy in the turbulent flow is larger than that in the laminar flow. To hold the turbulent flow conditions in this region, some artificial action is necessary.
As can be seen by comparing the drop in pressure among the length ratios of 800, 600 and 200 in Fig. 4 , the difference in pressure drop between the laminar and turbulent flow conditions becomes smaller as the pipe length ratio becomes smaller. Under a small-length ratio condition, a slight change in pressure might induce transition to turbulent flow. This will be discussed in the section of the forced transition. From the viewpoint of entropy change, the difference in the entropy increases between the two flow conditions becomes smaller as the length ratio becomes smaller. Several experimental results in Figs. 2 and 3 show differences from the transition Reynolds number calculated. The discrepancy of the results by Pfenniger is discussed here. Pfenniger observed a laminar flow for large Reynolds numbers. 18) In his experiments, the maximum velocity was approximately 1.5 times the mean velocity. This velocity is smaller than general maximum speed of the laminar pipe flow shown in Eq. (6) . The downstream boundary of his experiments was a choked condition. Under this downstream condition, fluid was accelerated to sonic speed and was not incompressible around the pipe exit. At the same time, acceleration can cause re-laminarization. 21, 22) Therefore, the condition in the experiments by Pfenniger would not be a simple, incompressible laminar flow.
Several transition numbers have been reported experimentally, as shown in Fig. 3 . According to the present calculation model, the transition Reynolds number is a function of the pipe length ratio. Therefore, there can be transition Reynolds numbers for pipe length ratios. The present model can explain the reason for the wide distribution of transition Reynolds numbers.
Critical Reynolds number
The critical Reynolds number is the number below which the flow remains laminar with any disturbance. Schlichting described the number was approximately 2,300 in his textbook. 7) Darbyshire and Mullin measured a smaller critical Reynolds number of 1,760 under the condition of L=D ¼ 190. 17) At the present, a smaller number than that of Darbyshire and Mullin has not been reported. According to the present study, there cannot be a transition Reynolds number below the minimum pipe length ratio, as seen in Fig. 2 . Under this condition, no action can induce the transition. The transition Reynolds number of the present study corresponds to the critical Reynolds number. The Reynolds number for the minimum length ratio can be attained by differentiating Eq. (20) with the Reynolds number.
The length ratio of Eq. (20) is re-written with Eqs. (18) and (19) as
By differentiating Eq. (25), the minimum length ratio and the corresponding Reynolds number can be calculated.
When the numerator is 0, the Reynolds number is
A smaller Reynolds number gives a maximum total length ratio in minus transition length ratios, which has no physical meaning. The larger Reynolds number of 1,752 is the number for the minimum pipe length ratio. Below this ratio, there is no first or second solution. Therefore, the Reynolds number of 1,752 using the present calculation corresponds to the critical Reynolds number. This number calculated is close to the one measured by Darbyshire and Mullin.
The minimum length ratio is calculated by substituting the Reynolds number of 1,752 in Eq. (25) .
The minimum length ratio calculated is also close to the ratio used experimentally by Darbyshire and Mullin. This length ratio may be the critical length ratio, below which flow remains laminar with any disturbance. When Eq. (18) 0 is used for the transition Reynolds number, the critical Reynolds number is 1,980, and the length ratio is 195.8. The critical Reynolds number and length ratio become slightly larger as the result of laminar flow properties in the transition region. The length ratio at the mean friction condition is almost the same as the ratio used by Darbyshire and Mullin.
The laminar flow condition at a Reynolds number of 17,000 reported by Darbyshire and Mullin 17) in Fig. 2 was at the same length ratio of 190. The length ratio of their experiments was close to the minimum length ratio calculated 150.6. The laminar condition in their experiment may be related to the pipe length condition.
On the other hand, a turbulent flow was observed at the length ratio of 72 and Re d ¼ 3 Â 10 5 condition. 23) It is also known that the developing length of the turbulent pipe flow is shorter than that of the laminar flow and it ranges from 25 to 100 pipe diameters.
7) The developing length for the established turbulent flow will be different from the length for transition from laminar to turbulent flow conditions. Further investigation is necessary regarding the difference between the developing lengths. 3.3. Relation between the first and second solutions, and the puffs and slugs In the process of transition, unique flow structures of the puffs and slugs appear. Wygnanski and Champagne explained that the puffs appear with larger disturbance around 2;000 < Re d < 2;700, and the slugs appear with smaller disturbance in Re d < 3;200. Peixinho and Mullin reported the puffs appear around Re d ¼ 1;800 and re-laminarized at L=D ¼ 785. 25, 26) From Eqs. (21) and (22) and Fig. 4 , the difference between the drop in pressure under turbulent flow conditions and that of the laminar flow conditions is maximized between the first and second solutions. Here, the conditions that give the maximum difference are derived. The difference between the drop in pressure is expressed with Eqs. (21) and (22) as
The Reynolds number for the maximum difference in drop in pressure is calculated by differentiating Eq. (29). Re-writing the transition length ratio, ðL=DÞ tr , with the developing length ratio, ðL=DÞ dv , and the total length ratio, L=D, of Eqs. (19) and (20), Eq. (29) is re-written as
Differentiating Eq. (30) with the Reynolds number,
When Eq. (31Þ ¼ 0, the Reynolds number gives the maximum difference in drop in pressure at a specified pipe length ratio. In the case of L=D ¼ 800, the Reynolds number is 3,556. In the case of L=D ¼ 600, the number is 3, 192 , and the number is 2,000 in the case of L=D ¼ 200. The Reynolds number for the maximum difference increases slightly as the length ratio increases. The reported regions of the puffs and slugs, and the condition for the maximum difference in drop in pressure calculated, ðÁp t À Áp l Þ max , are plotted in Fig. 5 . In the figure, the first and second solutions are also plotted. ðÁp t À Áp l Þ max is also plotted in Fig. 2 . The puffs appear between the first solution and the ðÁp t À Áp l Þ max condition, whereas the slugs approximately appear in Reynolds numbers larger than the number at the ðÁp t À Áp l Þ max condition.
Between the first solution and the ðÁp t À Áp l Þ max condition, the difference in drop in pressure between the laminar and turbulent flow conditions becomes larger as the Reynolds number increases. In order to hold the turbulent flow conditions in this region, pressure at the exit has to be decreased further or that at the entrance has to be increased further as the Reynolds number is increased. Sufficiently low pressure at the exit or sufficiently high pressure at the entrance is necessary to sustain the turbulent flow conditions. Under the constant mass flux system, large motor power will be required to keep the constant mass flux. Under the pressure-driven system, a large pressure increase at the entrance or large decrease at the exit will be required. When the pressure change or the motor power is insufficient, re-laminarization may occur. This large motor-power or pressure change required for transition may have some relation to the large disturbance required for creating the puffs.
From the viewpoint of entropy, the difference in increase of entropy between the two flow conditions becomes larger as the Reynolds number increases. In order to hold the turbulent flow, a sufficiently large increase in entropy is necessary.
Peixinho and Mullin examined the decay of disturbance and reported the threshold Reynolds number of 1,750 at the pipe length ratio of L=D ¼ 785. 26) In their experiments, the turbulent flow with the puffs was established at the beginning and then the Reynolds number was decreased. Their transition Reynolds number corresponds to the first solution of the present study. At the condition of L=D ¼ 785, the first solution is calculated to be 1,214. This is in the vicinity of being reasonably close to their measured value.
Under the condition of a Reynolds number larger than ðÁp t À Áp l Þ max , the difference in drop in pressure between the two flow conditions becomes smaller as the Reynolds number increases. Therefore, once the turbulent flow is established by increasing the motor-power or changing of the pressure, the flow condition will be maintained as the Reynolds number increases. This decrease in power required or change in pressure is related to the small disturbance required for creating the slugs. From the viewpoint of entropy, the difference in the increase of entropy becomes smaller as the Reynolds number increases.
The transition number measured by Patel and Head 14) shown in Fig. 3 is smaller than the transition Reynolds number calculated. According to Fig. 2 , the turbulent flow conditions of Patel and Head start near the larger side of the Reynolds number under the condition of ðÁp t À Áp l Þ max . The turbulent flow conditions of Binnie and Fowler 10) are also located near the condition of ðÁp t À Áp l Þ max in Fig. 2 . In the experiments of Patel and Head, L=D ¼ 288, whereas L=D ¼ 200 in those of Binnie and Fowler. They were small and close to the minimum length ratio. As discussed regard- ing the results shown in Fig. 4 , the difference in the drop in pressure becomes smaller as the pipe length ratio becomes smaller. A slight difference in the pressure condition might induce the transition in their experiments.
Conclusions
The transition from laminar flow to turbulent flow in a pipe is studied from the viewpoint of momentum conservation. The entrance boundary conditions of momentum and pressure to the transition region are presumed not to change at the moment of transition, and the exit pressure is presumed not to change as well. In the present model, the transition Reynolds number calculated is a function of the ratio of the pipe length to its diameter.
The natural transition Reynolds number calculated increases as the pipe length ratio increases. The transition Reynolds number calculated shows reasonable agreement with the previous experimental results. Discrepancies between the number calculated and the experimental results are explained.
The critical transition Reynolds number of 1,752 calculated is close to the previously measured critical number of 1,760. There can be a critical length ratio corresponding to the critical transition Reynolds number.
Forced transition conditions were also discussed. The previously measured puffs locate around the region where the difference in drop in pressure of the laminar and turbulent flows becomes larger as the Reynolds number increases. The slugs locate around the region where the difference becomes smaller as the Reynolds number increases.
